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Abstract 

We investigate the reduction process of a fc-symplectic field theory whose Lagrangian is 
invariant under a symmetry group. We give explicit coordinate expressions of the resulting 
reduced partial differential equations, the so-called Lagrange-Poincare field equations. We 
discuss two issues about reconstructing a solution from a given solution of the reduced 
equations. The first one is an interpretation of the integrability conditions, in terms of the 
curvatures of some connections. The second includes the introduction of the concept of a 
fc-connection to provide a reconstruction method. We show that an invariant Lagrangian, 
under suitable regularity conditions, defines a ‘mechanical’ fc-connection. 
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1 Introduction 


The Lagrangian equations of a first-order field theory are a set of second-order partial differ¬ 
ential equations in the unknown fields depending on k parameters For a Lagrangian 

L{q^,u^), they are of the form 

d'^L d(t)^ d^L dL 

- —I--— =- fD 

dq^du^ dt°‘ du^du^ dt^dt^ dq^ ’ 

with [q^ = = dcj )^In the literature, there exist many geometric models that 

describe classical Lagrangian field equations. Just to name a few, we mention the polysymplectic 
[2S1IIZ], the n-symplectic [M], the /c-cosymplectic [5D], the multisymplectic [aEmanB] and the 
jet |19l [29] formalisms. The main differences between all these models depend on e.g. the choice 
one makes for the geometric and the differentiable structure of both the space of parameters 
(such as e.g. spacetime) and the space of fields The model we will use in this paper is 
the one of fe-symplectic field theory, as developed in e.g. the papers [21 [151 ESI ES]. The space 
where the derivatives of the fields, d(j)°'/dt°‘, live is identified in this setting with the so-called 
tangent bundle of /c^-velocities T^Q- In many ways, one may think of fc-symplectic field theory 
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as the model that resembles the closest the standard symplectic formalism of both Lagrangian 
and Hamiltonian mechanics on a tangent and a cotangent bundle, respectively. It characterises 
the (regular) field theory in terms of a certain class of so-called ‘fc-vector fields’ on T^Q, which 
are literally collections of k individual vector fields. 

In the last few years there has been an increasing interest in field theories with symmetry, and 
in their reduction (see e.g. [a n dB da mi [30] and the references therein). Depending on the 
nature of the space of fields, the reduced PDEs are often referred to as the ‘Lagrange-Poincare 
field equations’ or the ‘Euler-Poincare field equations’. The general idea behind symmetry 
reduction is that, when a dynamical system (be it a set of ODEs or PDEs) is invariant under 
the action of a symmetry Lie group, the system can be reduced to one in fewer variables which 
is presumably easier to solve. The second step in the process is to reconstruct a solution of the 
original dynamical system from a given solution of the reduced system. 

The main goal of the paper is to show how both the reduction and reconstruction process works 
in the context of /c-symplectic held theories. The method that has been followed the most up to 
now in the literature (for different geometric models of Lagrangian held theories), depends on a 
reduction of the variational principle that generates the Lagrangian equations. By contrast, we 
will show that the fe-symplectic model is ideal to follow a somewhat different procedure, which 
is similar to the one that has been used in the paper [23| for Lagrangian systems with symmetry. 
In our formulation of reduction below, we will bring the fc-vector helds to the front, rather than 
the (unreduced or reduced) PDEs they produce. 

After some preliminaries (in Section [2|) we discuss in Section [3] some results about the integra- 
bility conditions of the PDEs that can be associated to an arbitrary invariant fc-vector held X 
on a manifold M. Under the assumption that the reduced equations on M/G are integrable, we 
will give an interpretation of the remaining integrability conditions in terms of the curvature of 
some connection 

We then specify to the case where M = T^Q, and the dynamics to those given by a Lagrangian 
/c-vector held. In Section U] we present a new formulation of the Lagrangian /c-vector helds on 
T^Q in terms of a non-standard local frame of vector helds on Q. In the presence of a Lagrangian 
with a symmetry group G, we identify in Section [5] the action under which the Lagrangian k- 
vector helds are invariant, and we show that they can be reduced to A:-vector helds on the 
reduced space {T^Q)/G. We end Section [5] with a computation of the coordinate expressions of 
these vector helds and their associated PDEs (which represent the Lagrange-Poincare PDEs in 
this context). 

At the end of Section [5] we turn back to our interpretation of the integrability conditions, for 
the case of a Lagrangian /c-vector held and we make the link, in our setting, to some results 
about ‘reconstruction’ that have appeared in the paper m- There, a big role is played by 
two connections and A^. We will show how these connections (i.e. their analogues, when 
translated to our setting) appear in our discussion about integrability, by decomposing the 
connection into two parts. 

The integrability conditions only guarantee that a solution may be reconstructed, but they do 
not tell one how to do so. In Section [6] we discuss, hrst for a fc-vector held X on M, a reconstruc¬ 
tion method that allows one to re-assemble the solution, from a given solution of the reduced 
equations and from a map that takes values in the symmetry Lie group. This part of the prob¬ 
lem involves the introduction of a new concept, that of a principal fc-connection on the principal 
bundle M —)• M/G. It is an appropriate generalization, to the level of /c-tangent bundles, of 
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the notion of a principal connection. We end Section [ 6 ] by showing that, on M = T^Q, such a 
connection is naturally available for a Lagrangian held theory with symmetry (up to a certain 
regularity condition on the Lagrangian). Since it resembles the so-called mechanical connection 
which appears in the context of a Lagrangian system whose kinetic energy is associated to a 
Riemannian metric (see e.g. |23] for a discussion on this topic), we have kept that name also for 
the case of held theories. We end the paper with an application of our results to the context of 
harmonic maps. 


2 Integrability of a /c-vector field 

In this section we recall the concept of a A:-vector held, and of an integral section of a /c-vector 
held. Parts of this section can be found in more detail in the papers [a [251 [26]. We hnish 
the section with a useful integrability criterion for a A:-vector held in terms of an associated 
connection. 


2.1 Connections and curvatnre 

In what follows we will often use non-linear connections, on many bundles. To set notations, let 
us recall briehy their dehnition. Let p : E ^ B he a hbre bundle. For e a E, the vertical space 
VeE at e is given by the kernel of T^p : T^E —>■ It gives rise to the so-called vertical 

distribution VE = {Ve,E\e € E}. We can put this in a short exact sequence of vector bundles 
over M, 

h^VE^TE^ExsTB^h, (2) 

where the middle arrow j : TE E XbTB is given by Ve (e, Tp{ve))- A connection on p is 
either given by a right splitting j: ExbTE^TE (i.e. a linear map satisfying j o 7 = id), or 
by the corresponding left splitting oj = id — 'j o j : TE ^ VE CTE. 

The above short exact sequence naturally extends to the level of sections of the corresponding 
bundles over M, 

0 ^ Sec{VE) X{E) Sec{E x b TB) 0. 

A splitting of ([2|) induces a splitting of the second sequence. When we interpret uj : X{E) —>■ X{E) 
as a (1,1) tensor held on E, we will call it the connection form, or the vertical projection. The 
map h : id — UJ is the horizontal projection of the connection. Since vector helds T on B can 
be thought of as basic sections in Sec{E x b TB), we may dehne the horizontal lift of T as the 
vector held T^ of E, given by T^{e) = 7 (e, T( 7 r(e))). 

The curvature of the connection is the (1,2) tensor held on E, given by {X, Y) 1 —>■ —u}{[hX, hY]), 
for two vector helds X,Y ^ X{E). In what follows, however, we will also often use the word 
‘curvature’ for the restriction of that map to two horizontal lifts and use the notation 

K{T,S) = -uj{[T^,S’^]) G X{E) 


when r, 5 G X{B). 
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2.2 The tangent bundle of fc^-velocities 


Let tm '■ TM —> M be the tangent bundle of a differentiable manifold M. We will use the nota¬ 
tion T^M for the Whitney sum TM® • — ®TM of k copies of TM and for the corresponding 
projection r^: T^M M which maps {ui,... ,Uk) onto the point m G M on which all Ua’s 
TM-proJect. T^M can be identified with the manifold Jq(R^,M) of A:^-velocities of M. These 
are 1-jets of maps from to M with source at 0 € For this reason the manifold T^M is 
called the tangent bundle of -velocities of M. 

In what follows, we will denote coordinates on by (t“) = {t^,... and use bold face letters 

u to denote elements (tti,..., u^) in T^M. If {x^) (with 1 = 1... dimM) are local coordinates 
on [7 C M then the induced local coordinates (x^,u^) on TU = t^{U) are given by 

x\um) = x\m), u\um) = Um{x^), Um G T^M. 


These naturally induce coordinates {x^ (with I = 1... dimM; a = 1.. .k) for a point u 

in (t|^) ^(C/), such that are the components of the a’th vector Ua of u along the 

natural basis of T^M. 

Let ip: M N he a differentiable map. In what follows, we will make use of the canonical 
prolongation of ip, which is the induced map T^ip : T^M —)■ T^N defined by 

^fcV(v) = (TmTivi), ■ ■ .,TmTiVk)) ■ 

The first prolongation of a map ?/) : —>■ M is the map —>■ T^M, defined by 




A 

dt^ 



In local coordinates, we have 


^(b(i) = ^ 1 < a </c, 1 < I < dimM. (3) 

Definition 2.1. A k -vector field on M is a section IK : M ^ vector bundle 

rh--TlM^M. 


Given that T^M is the Whitney sum of k copies of TM, by projecting a /c-vector field X onto 
every factor, we see that it consists of a family of k vector fields = Tq o X on M. Here, 
r„; T^M —>■ TM stands for the canonical projection on the a*^-copy of TM in T^M. We will 
denote the set of fc-vector fields on M by X^{M). It is a C“(M)-module. 

Definition 2.2. An integral section of a k-vector field X, passing through a point m E M, is a 
map '0 : To C —>■ M, defined on some neighbourhood Uq of 0 G such that ■0(0) = m and 
Xo Ip = , where is the first prolongation of ip. 

A k-vector field X on M is integrable if there exists an integral section passing through every 
point of M. 


An integral section ^p of the fc-vector field X, consisting of the vector fields 
satisfies 


Tt'iP 


(- 

\dt°‘ 


Xai'lppt)), 


X^d/dx^, 
(4) 
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and therefore, in view of ([3]), we get in local coordinates 


d'lp^ 


oijj, 1 < I < dimM, 1 < a < k. 


( 5 ) 


As is the case for any vector bundle, by considering products of the bundle with its dual, we 
may consider forms and tensor fields on it. For example, we will speak of a (1,1) k-tensor field 
on M when we mean a (1,1) tensor field on r^, i.e. is a C'°°(M)-linear map X^(M) —>■ X^(M). 
Locally, we can write for X = (Aq) that A(X) = Y, with As a special case, 

one may consider a (1,1) tensor field A on M, and extend it to a (1,1) fc-tensor field, by putting 
Yjj = A(A^). Then = AjSa- In an analogous terminology, we will speak of (r, s) /c-tensor 
fields on M. 

Definition 2.3. Let X be a vector field on M. The Lie derivative Lx of a k-vector field Y on 
AL is the k-vector field LxY on M whose ath component is given by the vector field [A, Ya\ on 
AL. 


An equivalent formulation that makes use of the flow (pt of the vector field A is then 


LxYim) = lim 

tH^O 


t 


Y(m) 


The corresponding Leibnitz-property is then Lx{fY) = A(/)Y + fLxY. We can easily extend 
the Lie derivative to A:-tensor fields. In particular, we have 


(TxA)(Y) = Tx(A(Y)) - A(TxY) 


( 6 ) 


for a (1,1) /c-tensor field. 


2.3 The connection associated to a /c-vector field 


An arbitrary section of the trivial bundle tt : x AT ^'Mf can be written as {Id^k, 0) : M*' —)■ 

X M. Elements of the first jet bundle can then be identified with couples in x T^M, 
as follows: 




t, (.. 


A. 

dt^ 





Each fe-vector field X = (Ai,..., A^) defines a special type of jet field on vr, given by 

(/4fc, X): X M ^ X T^M, 

that is: a section of the canonical projection tti^q • x T^AL ^ x AL. In local fibered 

coordinates the section is given by 

{Id^k,X){t‘^,x^) = {t°‘,x^ ,X(^{x)). 


A section = {Ld^k,^p) of vr is called an integral section of the jet field {Id^kjX) if = 
(/djjfejA) oTp. This means, locally, that ?/): —>• M must satisfy the equations ([5]), or that it 

must be an integral section of X. The fc-vector field X is therefore integrable if and only if it is 
associated jet field {Id^k,X.) of vr is. 
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It is well-known that jet fields may be interpreted as connections (see [29] for details). In 
particular, the jet field , X) of a A:-vector field can be identified with a connection on the 

trivial bundle x M, i.e. with a splitting of the short exact sequence 

0 ^ V{R^ X M) = X TM T(M^ x M) ^ x M) = M x ^ 0 


of vector bundles over x M. The right splitting 7 ^: M x ^ T(M^ x M) of the connection 
associated to X is given by 


7 ^(m, T° 


A 


_ rpC 


d 


(7m) 


+ X^(m) 


a 

dx^ 


{t,m) 


(7) 


and there is a similar expression for its horizontal lift. The left splitting uj^: T(M^ x M) —>• 
M*' X TM is, under the identifications made, given by 




(t,m) 




a 


(t,m) 



xLr 


dx^ 



( 8 ) 


One easily verifies (see e.g. Proposition 4.6.10 in [29]) that the jet field {Id^k,X) is integrable, 
or equivalently: that the A:-vector field X is integrable, if and only if the curvature of the 
associated connection vanishes. This is equivalent with [Xq,,X^] = 0, or 


for all X G M. 


Xi 


.d^ 

dx^ 


- X 


' dXj 
^ dx^ 


= 0 , 


(9) 


3 Integrability of an invariant /c-vector field 

In this section we study the above integrability criterion for the case of a G-invariant /c-vector 
field. We examine its relationship to the integrability criterion of its reduced A:-vector field. 

3.1 Invariant /c-vector fields 

Let <I> : GxM —^-Mbea free and proper action of a connected Lie group G on M. Then, the 
projection ttm : M ^ M/G on the set of equivalence classes defines a principal bundle structure 
on XI. A vector field IT on M is said to be invariant if 

Tm^g{W{m)) = W{^g{m)) . 


In that case, the relation 

IT o TTM = Tttm o it (10) 

uniquely defines a reduced vector Held W on M/G. 

Likewise, if T : M —>■ M is an invariant function on M it can be reduced to a function / : 
M/G with / o TTM = F. We also have that 

IT(F) = IT(/ o ttm) = W{f) o ttm, (11) 
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that is, W{f) is the reduced function on M/G of the invariant function W{F) on M. 

We will denote by : G x T^M —>• T^M the fc-tangent action, given by {g,^r) = 

or 

$^fc^(c/,Ul,...,nfc) = {Tra^g{vi), ... ,T^^g{vk)) , 

where m = t|^(v) and g ^ G. The action ; G xT^M T^M is also free and proper and, 

therefore, ^ principal bundle too. 

T^M 

Definition 3.1. A k-vector field IK on M is G-invariant if ^g'" o X = X o 

Thus, a fc-vector field X on M is G-invariant if 

Tm^g{Xa{m)) = Xa{^g{m)) m e M, 1 <a <k 

and therefore is each composing vector field X^ a G-invariant vector field on M. 

Let us denote by the fundamental vector field for the action $, associated to an element ^ 
of the Lie algebra g. Recall that, if G is connected, a function / on M is invariant if and only if 
^mH) = 0 for all ^ G 0 . Likewise, a vector field X on M is invariant if and only if [X, ^m] = 0 
for all ^ G 0 . In terms of the Lie derivative we had introduced in Section [2l we obtain that X is 
invariant if and only if L^j^K = 0, for all ^ G 0 . 

Definition 3.2. The reduced k-vector field of a G-invariant k-vector field X = (Xq,) on M is 
the k-vector field X on M/G whose composing parts are given by the reduced vector fields Xa of 
Xa, given by 

TtTm O Xa = XaO TTm- 

From relation ([4]) and the above definition of Xa we can easily conclude: 

Proposition 3.1. If (f is an integral section of an invariant k-vector field X on M, then 4> = 
'Em o (j) is an integral section of the reduced k-vector field X on M/G. 

3.2 Integrability and curvature 

In this section we consider a principal fibre bundle em ■ M ^ M/G. We wish to examine how 
the integrability of an invariant A:-vector field on M relates to the integrability of its reduced 
/c-vector field on M/G. 

From now we will use local coordinates on M defined as follows. Let C/ C M/G be an open set 
over which M is locally trivial, so that {em)~^{U) ox U xG. We will use coordinates on 

a suitable open subset {em)~^{U) (containing U x e) such that (x*) are coordinates on U, and 
(x“) are coordinates on the fibre G. Then, the local expression of the projection em '■ M M/G 
is: 

{emY^{G) = U xG ^ U 

( 12 ) 

(x^) = (x®,x“) !-)■ (x®). 

In these coordinates, the left action of G onto {em)~^{U) = U x G is given by 

^g{x,h) = {x,gh). 
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We can write any /c-vector field X on M as 




( 13 ) 


If X is G-invariant then the functions are invariant functions on M. They can therefore 
be identified with functions on M/G. The reduced /c-vector field X = (X„) we had defined in 
Definition 13.21 is given by 

X -w — 

From ([7|) we know that the connection associated to the reduced /c-vector field X is given by 
right splitting 

d 










(14) 


of the short exact sequence 


0 ^ X T{M/G) T{R^ X (M/G)) ^ (M/G) x TR^ 0. 

We will denote its curvature by K^. 

Proposition 3.2. (1) I/JQ is integrable, then so is also the reduced k-vector field'K, i.e. = 0. 

(2) If ^ is integrable then the vector fields [Xq,X^] take values in the vertical distribution of 
ttm; which can be identified with M x q. 

Proof. Both properties easily follow from the fact that Tttm ° [Xa,X^] = [Xq,,X^] o ttm- □ 
When X is integrable the remaining vertical part of the bracket [Xq,X^] is locally given by 

(15) 


,■ (9 ~ „ d 


, (9 ~ n d 


d ~h 9 


— 


+ 



In the calculation of these brackets one should take into account that all partial derivatives of the 
functions X^ with respect to variables vanish, because the components Xf are G-invariant. 

In the remainder of this section, we will show that we can also give an interpretation of that 
vertical part (fT^ . as the curvature of some connection. 

Let (/ : —>■ M/G be an integral section of the reduced /c-vector field X on M/G. Consider 

the pull-back bundle 7r2 : fi*M ^Rf\ 

M -^M with(^*M = |(t,m) : 7rM(?7i) = (/(t)| 

T^M 


R^ —^ M/G 

This is a G-principal bundle. Let us use i for the inclusion z : (^*M —>■ R^ x M. We will use p 
for a point in ((>*M, and {t,m) for its inclusion i{p) in R^ x M. Then, 0(t) = 7rA^(m) in M/G. 


Lemma 3.1. 

















(1) If ^ ^ M/G is an integral section of the reduced X then 0 satisfies 

= Tt^ivt), for all vt G TtR^. (16) 

where —)■ x M/G,t i—>■ (t,0(i)) and where 7 ^ is the connection associated to X. 

(2) The following diagram is commutative 

f)*M - ^M^xM p — "—^{t,m) 


■^2 




'7r2 


M — (-^ 1 '^ M ) 


^ X M/G 


t 


{t, [m]) 


that is 


TTM O i = (f) O 7^2 


(17) 


Proof. Both properties are immediate consequences of expression m and of the fact that 
—)■ M/G is an integral section of X. □ 


If is locally (t“) e-)- (x* = 4>^{t)), then locally 

i : (t",x“) 1 -^ (t",x® = 4>\t),x°-) 

that is to say, the pullback bundle structure naturally induces coordinates (t“,x“) on fTM. In 
these coordinates, tangent vectors Vp to f)*M (in a point p) are locally of the form 


d 


V — T 

dt 


p dx°‘ 


From the relations 


(18) 


Tpi 


Tpi 


d 

dt° 

d 

dx°- 


A. 

d 


dfl, . d 

-I_ —it) _r 

(t,m) ^ 9x* 


- A. 

{t,m) 


d 


{t,m) 




{t,m) 


dx° 


{t,m) 


we can deduce that 

Tpi{Vp) = r° 


A_ 


(t,m) 


+ iXiocf)it)T^ 


A_ 

(9x* 


{t,m) 


+ y“ 


d 

dx°‘ 


(t,m) 


G TtM^ X TmM. (19) 


Here we consider as a function on M/G, and therefore o 1 ^ as a function on 

Vertical vectors for the bundle 7 r 2 at the point p are those with T" = 0, and may therefore be 
identified with elements in x VmM, where VM is the vertical distribution of ttm '■ M ^ M/G. 
A connection on f)*M is therefore a splitting of the sequence 

0 ^ V{Am) = X VM ->■ T{Am) Am XjRfc TM^ ^ 0 

of vector bundles over AM. 
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The connection map of the connection 7 ^ is a map : r(M^ x M) —>■ x TM. For 

Vp G T{(j)*M), with i{p) = it follows from (l8|) and (fTOl) that 


^^(TpiiVp)) 





d 

dx°- 



Kt) = 


( 20 ) 


The second element is clearly vrA^-vertical in M, and we may use it to define a connection on 


Definition 3.3. The principal connection 7 *^’^ on ^*M, defined as a connection map, is given 
by 


co^’^iVp) = {t,uj^{TpiiVp))) G X V^M. 


( 21 ) 


In coordinates, if we represent Vp as in (fT8]l . then 


u;^’^(yp)= (t,(y“-X“(m)r“)^ 


d 


dx° 


( 22 ) 


Likewise, for the corresponding horizontal lift of a vector field T = T°‘d/dt°‘ on R^, we 
obtain, from ([ 2 ^ . 

d d 


rj^h _ rpQ. 


g^^+(Xlopr.,oi)—]iX(4,’M). 


From now we shall denote the map pr 2 o i by tti . 

The curvature of this connection is then (with T = T'^d/dt^ and S = S'^d/dt^ two vector fields 


on 


K^’^{T,S) = -T^S^ 


cI(X^o7ri) 5 (X“o 7 ri)\ d 


+ 


dt°‘ dtd I dx°- 


If we take into account that 


5(X^ OTTi) 


dX 




dx' 


13 \ d(j) 

— O TTl ' 




dXl 


dth \ dx^‘ 




and that, since are invariant functions, dX^jdx'^ = 0 , we easily see that 

r7ri(A''^’^(r,5)) = 


f 

j d ~ n d 


,0 ~ „ d 


d ~h d 

( 


— 


+ 

^dx\ 


O TTl- 


When we compare this to expression (I15h . we may conclude from Proposition 13.21 that: 
Proposition 3.3. A G-invariant k-vector field X is integrable if and only if 

(1) its reduced vector field X is integrable (i.e. its curvature as a connection vanishes) and 

(2) the curvature of the connection vanishes for each integral section '.Mf ^ XI/G of 

X. 
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If (j) is an integral section of X then there will exist an integral section f of IK that projects on 
provided that the curvature of the connection vanishes. 

In Section [U] we will give a method that will enable us to actually reconstruct such an integral 
section f. 

We can, in particular, use the proposition above to characterize the integrability of the Euler- 
Lagrange equations ([T]) of an invariant Lagrangian L. For that case, we have to take M = T^Q 
and X = r, a Lagrangian /c-vector field. 


3.3 Decomposition by making use of a principal connection 


We will show in this section that, by making use of a principal connection : TM ^ TM on 
ttm : M ^ M/G, we can re-express the vanishing of the curvature of the connection in 
more convenient terms. We also show that, in stead of defining this connection directly, as we 
did in Dehnition 13.31 we could also have constructed it in two consecutive steps. 


Suppose we are given a principal connection on the principal bundle ttm '■ M ^ M/G. We will 
consider three sets of vector fields {Xj}, {Ea} and {Ea} on M. The first set, {Xj}, is given by 
the horizontal lifts of a coordinate basis of vector fields djdx^ on M/G by the given principal 
connection. These vector fields are G-invariant by construction, and they form a basis of the 
horizontal subspace at any point. The two other sets of vector fields, {Ea} and {Ea}, will both 
form a basis for the vertical space of ttm at each point. 


The vector fields {Ea} are the fundamental vector fields on M, associated to a basis {Ea} of 
the Lie algebra g. They are in general not invariant vector fields. Since they are vertical by 
construction, we can write 


Ea = K 


d 


(23) 


for some non-singular matrix-valued function (Ka). The vector helds Ea in the last set are 
dehned as 


Ea{x,g) = {adg-iEa)M{x,g), 


(24) 


where we are using the local trivialization (|12p and where the notation refers again to the 
fundamental vector field of ^ G g. One easily verifies that these vector fields are all invariant. 
The relation between Ea and Ea can be expressed as 


Ea{x,g) = Al{g)Eb{x,g), 


(25) 


where (Aaih)) is fke matrix representing adg-i : g ^ g with respect to the basis {Ea} of g. In 
particular X^(e) = 6^- 

If we set 

X, = ^^-^l{x\x‘^)% (26) 

the invariance of Xj amounts to d^\ldx°‘ = 0. One easily verifies that the Lie brackets of the 
vector fields of interest (see e.g. m) are as follows: 


[Ea, Eb] = -GlbEc, [Ea, Ffc] = GlbEa, 

= [X,,Xg] = -KfgX 


[Xi,Ea] — 0, 
[Ea, Eb] = 0 . 


II 


(27) 


Here are the structure constants of the Lie algebra g, Kf- are the components of the curvature 
of the principal connection (with respect to the vertical frame Ea) and 

The vertical lift allows us to identify invariant vertical vector helds on M with sections of the 
adjoint bundle g = (M x g)/G —>• M/G, as follows: Let Ea be the local section x >->■ [(x, e),Ea\Gi 
then {X^'EaY = X^'Ea (see e.g. [8]). The horizontal lift of the principal connection maps the 
vector field X = X^djdx'^ on M/G to the invariant horizontal vector held X^ = X^Xi on M. 
The decomposition of a G-invariant vector held X into a horizontal and a vertical part is then 

X = {xY + {xy = X^Xi + X^Ea (28) 

for a certain X S X{M/G) and X € S'ec(g —>■ M/G). Both coefficients X* and X“ can be 
identihed with G-invariant functions on M, and therefore with functions on M/G. 

For two G-invariant vector helds X and Y on M, the bracket [X, T] is again G-invariant and 
one can verify that 

[X, y] = ([X, Y])^ + (Vjfy - v^x + [x, y] - x^(x, y))^ ( 29 ) 

see e.g. Theorem 5.2.4 in [6], or [22]. Here 

{k^{x, y))’' = -io^{[x^, y^]) (so) 

is the curvature of the connection , if one takes the identihcation between sections of the 
adjoint bundle and vertical vector helds into account. The bracket [X,y] is the Lie bracket on 
sections of the adjoint bundle g —>■ M/G (which is a Lie algebra bundle), given by 

[X, y]" = [X^ y’'] or [Ea, E,] = G^abEc, 

and the connection V is the induced connection on the adjoint bundle, given by 

(V^y)’^ = [(X)^n or Vj^Ea = rlE,. 

dx^ 

If X = (Xq,) is G-invariant /c-vector held on M, then the decomposition (I28p dehnes a reduced 
/c-vector held X = (X^) on M/G and a section X = (Xq) of g^ ^ M/G. 

Proposition 3.4. Given a principal connection , a G-invariant k-vector field X is integrable 
if and only if 

(1) X is integrable and 

(2) V^^Xg - V^Xa, + [Xq, X^j - X^(Xq, X^) = 0. 

Proof. The integrability of X is measured by the vanishing of the brackets [Xq,X^]. But we 
have now, 

[Xq,X^] = ([Xq,X^])'^ + (V^^X^ - V^^Xq + [Xq,X^] - X^(Xq,X^))T 


□ 
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The first condition means that the curvature of X, regarded as a connection, must vanish. If we 
set 

= {X^f + {X^y = XiXi + X^Ea, (31) 

then from (1231) . (1251) and (1261) . the relation with the notations in the preceding paragraph is 

= (32) 


In coordinates, the second condition in Proposition 13.41 is 

X„(X^) - Xp{Xi) + (X^X^ - X*X“)TL + CiX“X^ - X^.X^X^ = 0. (33) 

From Proposition 13.31 we know that we may identify this expression with the vanishing of the 
curvature of the connection for each integral section (f>, i.e. it is equivalent with the condition 

(USD. 

We will need the expression ()33[) later in Section 15.41 For later comparison with P, we show 
how one can use the principal connection uj^ to split the connection fo parts. 

Consider again the pull-back bundle ^*M —)• Let us denote the map p € ^*M —m G M, 

as before, by tti. Then we can define a new principal connection on ^*M as 

J{Vp)=uj^{Tp7ryVp)), yVpGTi^M). (34) 

Tangent vectors to ^*M (in a point i{p) = {t,m) with = 7r(m) G M/G) can now be 
represented in the form 


Ti{Vp) = r° 


_d_ 

dt°‘ 


+ (X^ o cl>)T^Xi{m) + Y^Ea{m). 


The relationship between and of expression (|19p is then 

ya ^ ^yc _ . 


(35) 


A local expression for this connection is then 

J{Vp) =Y<^Eaim). 

Suppose that we are now also given a section X = (Xq, = X^Ea) of —)• M/G. We can 
vertically lift it to the section (X“ o (l))Ea of (j)*M and add it to the connection to form a 
new connection on with 

J^^{Vp) = (y“ - (X“ o />)TyEaim). (36) 

From ([32l) . (l35|) and (l36|) . we see that the connection is the same as the connection 
we had introduced in the paragraphs above. 


4 Lagrangian /c-symplectic field theory 

In this section, we recall the Lagrangian fc-simplectic formalism. For a regular Lagrangian, the 
solutions of the field equations are given by the integral sections of some fc-vector fields, the 
so-called Lagrangian SOPDES. They represent a generalization of the well-known concept of a 
SODE vector field. 
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4.1 Canonical operations on TlQ 


In this section we will assume that Q is an n-dimensional differentiable manifold, whose local 
coordinates are given by {q^). We will denote the natural coordinates of T^Q by {q^,u^). In 
the next paragraphs we briefly recall some canonical objects and structures that can be defined 
on M = T^Q- Most of them hnd their natural analogue on a tangent bundle, when k = 1 (see 

e.g. mm for that case). 

We will assume throughout that a point v = {q;vi,... ,Vk) € T^Q is given, with Tq(v) = q € Q. 
For a tangent vector Zg € TgQ, we define its vertical a-lift at v, Z^°‘, as the vector tangent to 
the fiber (tq)“^(( 7 ) cT^Q, given by 




+ sZ,Va+i, ■ ■ ■ ,Vk) ^T^{T^Q) 


s=0 


We can, of course, extend this operation to the level of vector fields. If Z = Z"^d/dq^ is a vector 
field on Q, then its a-th vertical lift Z^°‘ is the vector field on T^Q whose local expression is 


Z 
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(37) 


There is a corresponding notion of a complete lift Z^. If the vector field Z on Q has local 
1 -parametric group of transformations (ft'. Q ^ Q, then the local 1-parametric group of trans¬ 
formations T^Q —>• T^Q generates a vector field Z^ on T^Q, the complete lift of Z to 

T^Q- Its local expression is 


Z^ = Z^ 


d 


dZ^ d 


dq^ ' dq^ du^ 

One may easily establish the following properties for the brackets of complete and vertical lifts: 


[X^,Y^] = [X,Yf, = [X,Y]^°‘, = 0. (39) 


With a local frame on Q we will mean a basis for the C'°°((5)-module structure of the set of 
vector fields on Q, that is to say: If {Z^} is a frame on Q, then each vector field Z on Q can 
be written as Z = Z"^Z^, for some functions Z^ on Q. Likewise, each tangent vector Vg € TgQ 
can be decomposed as Vg = v^ZA{q), for some real numbers v^. From the local expressions (1371) 
and (p8]l . we can easily conclude that: 

Proposition 4.1. If {Za} is any local frame on Q, then {Z^, Z^“} is a local frame on T^Q- 

The canonical k-tangent structure on T^Q is the set of (1,1) tensor fields {S^,..., S^) defined 
by 

5“(v)(Zv) = (rvr^(Zv))^“, veTlQ, Z^eT^iTlQ). 

Alternatively we can dehne S°‘, for its action on vector helds, as the unique (l,l)-tensor field on 
T^Q for which 5“(A^) = and S°^{X^P) = 0. Its local expression is 

= (40) 

The Liouville vector Eeld A € X{T^Q) is the infinitesimal generator of the flow 
fj-.Rx T^Q — >tIQ, 'iljis,vi^,...,vk^) = (e^ui,,...,e^ufcj. 

In local coordinates it takes the form A = u^d/du^ . 
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4.2 Second-order partial differential equations 


Maps like (j): Uq C ^ Q will play the role of the fields of the theory. The differential 
equations of interest, however, are second-order partial differential equations, and will be defined 
on M = T^Q, rather than on Q. We will turn next to the characterization of those integrable k- 
vector fields on T^Q which have the property that all their integral sections are first prolongations 
of maps (p: ^ Q. 


Definition 4.1. A second-order partial differential equation field fSOPDE from now on) is a 
k-vector field V on M = T^Q which is a section of the projection nA- mnQ) na: 
is, it satisfies 


TkTQ o r - IdyiQ, 


for ■■ T^Q Q- 


For r = (Fq,) this definition is equivalent with the property that, for all w = {wa) G 


TvjTQ{^a{^)) = Wa 


For k = 1, the definition of a SOPDE reduces to that of a second-order ordinary differential 
equation field (often called SODe). 

In local coordinates we obtain that the local expression of a SOPDE F is 

= + (^1) 

for some functions {fa)p G C°°(T),Q). 

If '0: locally given by ifft) = {(f>^{t),'fi-^{t)), is an integral section of a SOPDE F then 

we obtain from Definition 12.21 and expression (1411) that 


d(p^ 

t 


<(t) 


Si’S 

dth t 




From this, we obtain the following proposition, see [21 [26]. 


Proposition 4.2. Let F he an integrable SOPDE. Each integral section of T is the first 
prolongation of its projeetion = Tgofi: —>• Q onto Q. Moreover, is a solution of the 

system of seeond order partial differential equations given by 


dt^mh 


(t) 



(42) 


Conversely, if (j)\ Mf ^ Q is a map satisfying then its prolongation is an integral 

section ofV. 


From (|42D we deduce that if F is an integrable SOPDE then {fa)f = ifg)a choices 

a, (3,= 1,... ,k. We will call a solution of F, whenever is one of its integral sections. 
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4.3 Lagrangian sopdes 


We are now all set to describe the Lagrangian field theory of interest: the fc-symplectic formalism. 
In this context, a Lagrangian is a function L on T^Q- By using the fc-tangent structure S'", we 
may introduce a family of k one-forms = dL o S" and k two-forms a;£ = —d0£ on T^Q with 
local expressions 

We may also introduce the energy function = A(L) — L £ C°°{T^M). 

Definition 4.2. The Lagrangian L: T^Q —)• M is said to be regular if the matrix 
is non-singular at every point ofT^Q. 

For the rest of the paper, we will assume that L is regular. In [2l I25t IM] it has been shown that, 
under that condition, all /c-vector fields F = (r„) on T^Q that satisfy the condition 

= dEi, 

must be SOPDEs. Moreover, if F is a SOPDE, the above relation is equivalent with 

LrJt-dL = 0, 


ydu^du^ j 


see Proposition 2.11 in [2]. 

Definition 4.3. A SOPDE F will be called a Lagrangian SOPDE for L if it satisfies the above 
equation. 

Given that \Ta,Z^] = Wa and [FcZ^/s] = —6aZ^ -|- vi, where all vi and Wa are vertical 
vector fields for the projection Tq : T^Q —>■ Q, the above relation, when applied to a complete 
lift Z^ satisfies 

0 = {LrJt-dL){Z^) = r^{Bl{Z^))-Bmra,Z^])-Z^{L) 

= F„(Z^“(L))-Z^(L). 

When applied to a vertical lift Z^i^, we simply get an identity ”0=0”. In view of Proposition 14.11 
we can conclude therefore: 

Proposition 4.3. A SOPDE F = (F^) is Lagrangian for a regular Lagrangian L if, and only if, 
for each vector field Z on Q, 

F«(Z^“(L))-Z^(L) = 0, 

or, equivalently, if for each local frame {Za} of vector fields on Q, 

F„(ZX“(L))-Z^(L) =0, ^ = l...n. (44) 

In particular, if we take the standard frame {d/dq^} on Q, the equations (1441) become 

f dL\ dL 

“ V ) dq^ 
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From this, it is easy to see that, if d(j)^/dt°^) is an integral section of F, then it must 

satisfy 

d'^L d^L ^ 

dq^du^ dt°‘ du^du^ dt^dt^ dq^ ' 

which are the Euler-Lagrange equations ([T]) of the field theory. 

In what follows, however, we will rather need the equivalent expressions (1441) of these equations, 
expressed in the so-called quasi-k^-velocities of a given frame {Za} on Q. 

Definition 4.4. The quasi-k^-velocities of the element v = {va) G with Tq(v) = q along 
the local frame {Za} on Q are the real numbers v^, for which each Va can he written as 

Va = v^ZAiq). 


We can therefore use {q^,v^) as (non-natural) coordinates in T^Q- If Za 
relation to the natural induced coordinates {q^,Ua) is 


< = vtZ^ 


Z^d/dq^, their 


(45) 


Assume that X = (X„), with 

Xa=X^Z^+{Ya)^Z^\ 

is a A:-vector field on T^Q- One easily verifies that a section (f){t) = {q^ = (f^{t)^Vp 
given in quasi-Zc^-velocities, is an integral section of X if it satisfies 


d(j)^ 


{X^Z^)oct>, 


d(j)j 


{{Ya)j-R^cX^v<^)ocP, 


where [Zb,Zc] = R^qZd is the ’curvature’ of the frame. 

Lemma 4.1. A SOPDE F, written in terms of quasi-kf -velocities, takes the form 


Ta = V^Z^ + ira)p';{ 


AyVp 


for some functions (F^)^ on Tp. 


(Pgit)), 

(46) 


(47) 


Proof. This is a consequence of Proposition 14.11 and of the properties TtqO Z^ = Za o Tq and 
rrioZ?=0. □ 


To end this section, we say a few words about regularity in terms of a non-standard frame. 

Proposition 4.4. Let {Za} be a local frame of vector fields on Q. A Lagrangian L is regular 
if and only if the {nk)-square matrix of functions {Z^{z'^{L))) on Tp has maximal rank. 


Proof. If we set Za = Z^d/dcp, then the matrix Z = (Z^) of functions on Q is non-singular 
in each point. We have 



where the right-hand side can be interpreted as the matrix multiplication of 3 (nA:)-square 
matrices. Given that the determinant of the matrix (Zpa) is kdet(Z) ^ 0, we easily see that 
also the determinant of the matrix in the left-hand side never vanishes. □ 
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5 Symmetry reduction of a Lagrangian /c-vector field 


In this section we show that, if the Lagrangian is G-invariant, then so are its Lagrangian SOPDEs. 
The integral sections of the reduced SOPDE will provide the Lagrange-Poincare equations. We 
finish this section with a study of the integrability of a G-invariant SOPDE and its reduced SOPDE. 

5.1 Invariant Lagrangian SOPDEs 

Suppose we are given an action by G on Q. As before, we will denote by the fundamental 
vector field corresponding to ^ € 0. We have seen in Section [3T] that this action may be lifted to 
one T^Q- From the definition of a complete lift in Section f4.ll it follows that the fundamental 
vector fields Ct^q of this action are actually the complete lifts of the fundamental vector 
fields of the action on Q. 

From Proposition 14.31 we know that the Lagrangian SOPDEs F are those that satisfy the Euler- 
Lagrange equations (I41|) . Without loss of generality we may suppose that the local frame {Za} 
consists of only invariant vector fields (for example, we can use the invariant frame {Xi,Ea} 
that we had introduced in Section 13.31) . 

Lemma 5.1. If the frame {Za} on Q is invariant then the frame {Z^, Z^} on T^Q is also 
invariant, with respect to the lifted action on T^Q- 

Proof. This follows from the bracket relations (1391) : 

[?§, = 0 , Zl^] = [fQ, Za]^^ = 0 . 

□ 

We will use coordinates {q^) = (<?*,<?“) on Q that are adapted to the principal fibre bundle 
structure Q —>■ Q/G, as explained in Section (with now M = Q). If the quasi-fc-velocities 
on T^Q with respect to the frame {Za} are given by v^, then the couple {q\q°‘,v^) represents 
coordinates on T^Q. We shall show that the coordinate functions g*, are G-invariant functions 
on T^Q (i.e. Cg(g*) = 0 and = 0). 

Definition 5.1. Let 6 be a 1-form on Q. We define linear functions 6a on T^Q, such that, for 

V = (va) G T^Q, 

^(v) = 9{va). 


If in local coordinates 6 = 9a dq^, then 

^a = 9Aut (48) 

From (1371) . (l38t) and (HSl) we can conclude the following relations. 

Lemma 5.2. Let Z be a vector field on Q, f a function on Q, and 9 a 1-form on Q. Then 
Z^{f) = Z{f), z^^{f) = 0, Z^{Z) = {Lz9)l Z^P{Z) = €0{Z). 

If {Za} is a local frame on Q and if {9^} is its dual basis, then the local quasi-fc-velocities 
of T^Q can in fact be represented by the linear functions = {9^)a- 
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Lemma 5.3. For a local invariant frame on Q the functions g* and are G-invariant on T^Q- 

Proof. The fundamental vector fields are vertical with respect to the projection ttq : Q —>• 
QjG, and therefore = 0. From Lemma 15.21 we obtain 

iqivi) = CqiOa) = 


Since 

(L^^e^KZB) = L^QieHzB)) - = o, 

we obtain that = 0 . □ 

For the remainder of the paper we will suppose that the Lagrangian L is invariant under the 
action for a connected G. In view of what we said before this means that ^g(L) = 0 for 

all ^ G 0 . 

Recall that, if {Ea} is a member of a basis of 0 , we have used the notation Ea = {Eafg for its 
associated fundamental vector field on Q. 

Proposition 5.1. The Lagrangian k-vector fields T of a regular invariant Lagrangian L are 
G-invariant. 


Proof. Given that all the vector fields in the expression F^ = v^Z^ + {Ta)^z'^ are invariant, 
and given that also the quasi-A:-velocities are invariant functions, we only need to check that 
[E^, Fa] = 0. Since 

[E’f,T^] = E^{{To,)j)zl\ (49) 

this will be the case if we can show that the functions (Fq)^ are invariant. When we apply the 
vector field E^ to both sides of the equations (|44)l , we may interchange the derivatives E^ and 
etc., because of their zero Lie brackets. One easily establishes that, in view of E^{L) = 0, 
what remains is 

[^f,F„](Z^“(L)) = 0. 

By making use of expression (j49p . this is equivalent with 


E^{{T^)^)zl^{Zl-{L)) = ^. 

Given that the matrix {Z^{Z'^{L))) has maximal rank for a regular Lagrangian (see Proposi¬ 
tion [TTl), the result follows. □ 


Since P is invariant, it reduces to a fc-vector field f on {T^Q)/G. The goal of the next few 
sections is to provide a coordinate expression of this /c-vector field. To do so, we will need to 
invoke a principal connection on the bundle Q QjG. 


19 



5.2 Local frames of vector fields on T^Q 


Suppose we are given a principal connection on the principal bundle ttq : Q —>■ QjG. In what 
follows, we want to re-express a Lagrangian A:-vector field F in terms of a local frame {Za} on 
Q. We have now two choices to do so: either by making use of {Xi,Ea} (not an invariant frame) 
or by {Xi,Ea} (an invariant frame), see Section (3.31 (with now M = Q). When we choose the 
frame {Xi,Ea}, we will write ( 5 ®, tc®) for the coordinates and the corresponding quasi-Zc- 

velocities on T^Q- If we use {Xi,Ea}, we will denote them as (c/*, Q'“, u“). 

From Lemma 15.11 we know that the frame {Z^,Z^°‘} = {X^, X^°', E^, E^‘^} consists only of 
invariant vector helds on Also the coordinate functions g®, are G-invariant functions 

on T^Q and, therefore, they can be used as coordinates on {T^Q)/G. In summary, we may say 
that the canonical projections are locally given by 


vtq : Q —> QjG 

(g^g“) ^ (g®) 


'^TlQ '■ TkQ 


{T^kQ)/G 




Lemma 5.4. If we apply the vector fields X^^X ^°', to the invariant functions g®, u;“ 

we obtain 

Xf{qi) = 5l , Xf (u^) = 0 , Xfiw^p) = -Tlwl + , 

X,^“(g^) = 0, Xf“(u^) = 5^,5“, Xf“(u;^) = 0, 

(g^) = 0 , (u^) = 0 , (u;^) = - G^w^^ , 

E^^ (qj) = 0 , (uj) = 0 , ^ 




Proof. Let be the dual basis of {Xi,Ea}. From the bracket relations (f27)l . we can see 

that = 0 and that Lxi'vo^ = —. Therefore, 

Xf (u^) = Xf (^) = (£^^ = 0 

and _^ ^ 

= Xf (ro^) = {Lxi'^'')y = + K^k^p- 

Since also 

Xf (g^) = Xfiq^) = S{, 

the hrst row in the Lemma follows. The other properties follow in the same way. □ 


Lemma 5.5. The projections of the G-invariant vector fields X^, Xj°', E^, E^’^ onto T^Q/G 
are locally given, respectively, by 


If = X + iKl4 - TH)^, 
rS = (TL«J - eLvf,)X 


X^“ 

d 

1 

dvl^' 


d 


dw% 


Proof. From the expressions in Lemma 15.41 and the relation (|lip between an invariant vector 
field and its reduction, we obtain: 

Xf^iq^) o tTt^q = X^{q^ o = Xf (g^) = 5], 
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° -^TlQ = o ^TIq) = (vj^) = 0, 

(^^) ° ^TlQ = {'>^0 ° ’^T^q) = (^^) = ^F'>J0 ~ '^icW0- 

Since {q^,vl^,w^) forms a set of coordinate functions on {T^Q)/G, this determines the vector 
field completely. The same idea allows us to prove the other relations. □ 

5.3 The reduced Lagrangian sopde: Lagrange-Poincare field equations 

Assume that an invariant Lagrangian L € C°°(T^Q) is given. Then, its derivatives by invariant 
vector fields, i.e. the functions Xf(L), X^°'(L), E^{L), E^‘^{L), are invariant. From relation 
m, we can therefore write 

(L) = Af“ {I o tttiq) = (0 o vr^iQ, 

— ^FF ° ^T.Iq) = ^F (0 ° 

^ ^ (50) 

E^<^ (L) = E^<^ [I o (0 O vr^iQ, 

{^) = F ° '^TIq) = F) ° 

where I : {T^Q)/G —>■ M is the reduced Lagrangian, defined by I o t^t^q = L. 

From Proposition 14.31 we know that Lagrangian SOPDE F satisfies, with respect to the frame 
{Xi,Ea}, the equations 

r„(Af“(L))-Af(L) = 0, 

By making use of the fact that each F^ is an invariant vector field on T^Q, it follows from dill) 
and (f^ that the reduced vector fields Fc satisfy 

f,(lf“(0)-xf(0 = o, 

on {T^Q)/G. Taking into account the result in Lemma 15.51 we can rewrite these equations as 



A SOPDE can be written as 

F„ = + {f^r^EF^. (52) 

We have already established in the proof of Proposition 15.11 that the functions (Fa)^ and (Fq,)^ 
are invariant, and that they can be identified with functions on {T^Q)/G. From Lemma (5.51 we 
see that: 
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Lemma 5.6. The reduced vector fields fc on {T^Q)/G of a Lagrangian SOPDE Fq are given by 


dw'^ 


+ - C^bKw'^g + K^jviv^p 


d 

dW^r 


Then, if fi{t) = (g* = i® integral section of f then it satisfies, 

in view of relations m, the Lagrange-Poincare held equations, 



The equations above agree with the Lagrange-Poincare equations as they appear in m. if one 
takes two issues into account. The first is that the current setting (the fc-symplectic formalism) 
is different from the one in [H] (a jet bundle formalism). One way to relate the two approaches 
is by choosing the base space of the jet bundle to be simply x Q, and to assume that the 
Lagrangian does not depend explicitly on the parameters t". The second issue is that only 
coordinate-independent expressions appear in at the price of assuming to have an extra 
covariant derivative at disposal. This covariant derivative is actually only required to give a 
geometric sound meaning to all the separate terms in the equations, but it disappears from the 
equations when one only considers their coordinate expressions. This observation is already 
apparent when one considers only the simplest case of Lagrangian mechanics (with fc = 1 in the 
current setting), see e.g. the first remark on page 35 of the booklet [6]. If one takes the above 
remarks into account, and if one calculates coordinate expressions of the Lagrange-Poncare 
equations as they appear in the two sets of expressions compare. In the special case where 
the configuration space Q coincides with the symmetry group G, the equations simplify to 
equations on {T^G)/G = the so-called Euler-Poincare field equations given by 


d 

dt^ 




dl 

dw'fi 


These equations agree with those in [1], when one considers coordinate expressions. 

We have established, in view of Proposition 13.II that a solution of the Euler-Lagrange equations 
([H) projects onto a solution of the Lagrange-Poincare equations (1531) . However, we can not 
conclude that any solution of (f53]l can be extended to one of ([I]). For that reason, we need to 
study the integrability conditions of the Lagrangian fc-vector fields P. 


5.4 The integrability of an invariant SOPDE 

We now specify the results of Section [3] to the case where the A:-vector field X is a SOPDE E on 
M = T^Q. We will also draw an analogy with some results of the paper when translated 
to the current framework. 


22 










Recall that we are working with the lifted action oi G on M = T^Q. As we had done in 
Section 13.31 we may introduce the vector helds 


E. 


M 


b tjC 


— A" F' 


on T^Q- They correspond with the invariant vector fields we had introduced in expression (I24h 
(or (l2^ ). but now for the lifted G-action on M = T^Q- Given that Ea = A^^Eb, we get 


E. 


c 


= AiE^ + 


dtf^ 


eI^ = Et^ + {X,{Am + EMiH)Eb^ = E^ + {TlEf, + G, 




To proceed as in Section (3^ we need a principal connection on the bundle ttj'Iq : M = T^Q —)■ 
M/G = {T^Q)/G. It will be most convenient to define this connection by means of its connection 
map that takes values in the Lie algebra g. 

Definition 5.2. Let : TQ g be a prineipal eonnection on ttq : Q —>■ QjG, then its vertical 
lift ; T{T^Q) —>■ g is the principal connection on given by 

for all W G T{T^Q), where Tq is the natural projection : T^Q —>■ Q- 

The fact that this connection is principal, follows easily from the fact that the connection 
is, and from the property TTQ{gW) = g{TTQ{W)). 

We will denote the corresponding connection map by uj'^kQ ; X{T^Q) X{T^Q). Its relation to 
: X{Q) X{Q) is 

a;(W)(v) = (d(iy(v)))§(v), 

for all W € X{T^Q) and v G T^Q. From u'^kQ^E^) = E^ it follows that the action of on 
the invariant frame {E^, Xf, Ea^, } is given by 

^TiQ(^C) ^ ^ ^ GIwI)eI\ 

uFkQ{Ea ^) = 0, uF^Q (xf) = 0, ) = 0. 


For later use we give the decomposition of a SOPDE F in its horizontal and vertical part, with 
respect to the connection ojEQ. If we write Fq, as in expression ([5^ . then uFkQ{Y^') = w%EF 
and the horizontal part of F^ is v^Xf+{Va%xF -|-(r„)“F;^'® + When 

we compute the reduced vector field of this horizontal part, using the expressions of Lemma 15.51 
it, of course, coincides with the expression of the reduced vector fields Fq we had obtained in 
Lemma 15.61 The decomposition (1311) on M = T^Q for F^, using the connection uFkQ^ is then: 

r„ = (f + (f„)" = (f , (54) 

that is to say: in the notations of Section [T3l the section Fq, G Sec{g —?> (r^Q)/G) has coefficients 
X“ = w°- 

^OL' 

We know from Proposition 15.II that a fc-vector field F of an invariant Lagrangian L is G-invariant 
on T^Q. Next to requiring the integrability of F, the integrability of F is guaranteed if the 
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coordinate expression (1331) is satisfied. In it we need the curvature of the vertical lift connection 


From the defining relation, and from the coordinate expressions, it is clear that uj'^kQ has the 
property that, if the vector fields W € X{T^Q) and X G X{Q) are r^-related, then so are 
the vector fields uj'^kQ(^W) and There exists a similar property for the horizontal lifts 

that correspond to each of the two connections. We will denote the horizontal lift of cj® by 
h, and the horizontal lift of by h^. We will also use the notation Tq for the projection 

M/G = {TIQ)/G —>■ Q/G. It easily follows that, if IT G X{M/G) and X G X{Q/G) are Tq- 
related, then and X^ are Tg-related. For two pairs of such vector fields, it follows that 
\Wi ^is Tg-related to [X^^X!^]. From all this, we may conclude that that the curvatures 
{K^l^{Wi,W 2 )Y = and {K^{Xi,X 2 )Y = -u^[X’l,X!^]) are r^-related 

whenever the arguments are fg-related. Here O’' stands for either the vertical lift associated 
to the fibre bundle T^Q —>• (r^Q)/G or to the bundle Q —>• Q/G. From this property we may 
deduce that the only non-vanishing curvature coefficients of are actually those of iF®. 


Likewise, for the adjoint connection, if IT is a vector field on (T^Qj/G that is fg-related to a 
vector field X on Q/G, and if Z is a section of {T/Q x g)/G that is related to a section Y of 
{Q Xd)/G, then one may show that ZY = [IT^'', Z’'] is Tg-related to (V® T)’' = [X^, T”]. 

Again, in terms of the connection coefficients of the connection this means that the only 

connection coefficients that matter are those of V*^. 


We can now easily compute the coordinate expression (l33]) . for the case X = F. We reach the 
following conclusion: 

Proposition 5.2. A SOPDE F is integrable, if and only if its reduced k-vector field F is, and if 


fWfYj - + CacKw/i - = 0 


In terms of the integral curves (g* = of the reduced /c-vector field 

F this means that 




d(t>\ 




+ gIy>%-k, 




= 0 - 


This condition represents the analogue of expression (3.29) of [TT] in our formalism. Since we 
are also assuming that the reduced /c-vector field F is integrable, i.e. [FcF^] = 0, we find that, 
among other, the integral curves satisfy 


dt°‘ dtd 


When Q = G, we simply get 

f,(^n^)-f^(u;^) + C»J = 0, 

which is our analogue of the condition about vanishing curvature in Theorem 3.2 of [3]. If we 
use the vertical lift to define the connections and that appear in the expressions 

(1331) and (l36l) of Section iTSl we get our analogues of the connections and A^ that appear in 
the paper P in their section on ‘Reconstruction conditions’. 
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6 Reconstruction 


The integrability conditions we have discussed so far only give necessary and sufficient conditions 
for an integral section of the invariant vector field to exist. They do, however, not provide a 
method by which one can actually construct such a section. In this section, we provide such a 
method in Section [6.21 First we need to define the notion of a /c-connection. 

6.1 A:-connections and principal A:-connections 

Consider a fibre bundle tt : M ^ N, with local adapted coordinates In this section we 

introduce the notion of a /c-connection on vr : M —>• A^. We can extend the short exact sequence 
([^ to the level of T^M, as follows: 

0 ^ (CM)^ ^ T^M Xn T^N 0 . 

The middle arrow is now given by : T^M —>• M x tv ■ v e-)- (r(v), T^ 7 r(v)); its kernel is 

given by (VM)^ {k copies of VM). 

Definition 6.1. A k-connection onir : M ^ N is a linear bundle map 7 ^ : M Xj^T^N —)■ T^M 
which is such that 07 ^ = id. 

Locally, 7 ^ will be of the form 7 ^ ; (x*; x“, «„) = (x*, x“, for some ‘connection 

coefficients’ G C°°{M). We will denote the corresponding right splitting, thought of as a 
(1,1) /c-tensor field on M, by : X^(M) —>■ jC^(M). Any /c-vector field X on M can be 
decomposed into a horizontal part X — w^(X) and a vertical part a;^(X). 

Given a /c-vector field Y on X we can define its horizontal lift as the /c-vector field Y^ on M, 
given by 

Y^(m) = 7 ^(m, Y( 7 r(m))). 

If Yq. = l(J(9/dx*, we get that (Y'^)q, = where, from now on, we will use the notation 

Y. = e a:(M). (55) 

We now give two examples of /c-connections. A third example, what we have called ’the me¬ 
chanical connection’, is given in Section [6.31 

Example 1. A ‘simple’ connection. It is easy to see that we can construct a /c-connection 
from a genuine connection 7 ^ on tt : M —>■ A, given by 

7^(m,u) = (7^(m,ui),...,7^(m,ufc)), ueT^N. 

The map 7 ^ is locally given by 7 ^(x*;x“,x*) = (x*,x“,x*,x“ = r“(x)x*), for some connection 
coefficients T?. In this case, = F^do. We will often refer to this kind of /c-connections as 
those of ‘simple’ type. 

Example 2. The SOPDE connection. Take M = T^Q and N = Q, and assume that F = (Fq.) 
is a SOPDE. Denote by S'’' the (1,1) /c-tensor field, given by 
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Then, with the definition of the Lie derivative ([6j) as we defined in Section [2l (sum over 

7) is again a (1,1) /c-tensor field on M = T^Q- We can define a ^-connection on the bundle 
T^Q Q hy saying that its connection map (i.e. its vertical projector) is 


It is easy to see that, for a SOPDE with = u^d/dq^ + (T/du^ and a /c-vector field with 
Xj 3 = X^d/dq^ + {X 13)^6 /du^, the /3th vector field of the fc-vector field a;^(X) is given by 




where the connection coefficients are given by and 


pvl _ 

lC7 - - 


k + 1 duf 


^ (Xs)t 


As the form of the connection coefficients Bq^^ suggests, this ^-connection is in fact of simple 
type. It is actually the one associated to the (genuine) connection on the bundle T^Q ^ Q that 
was defined in the paper [27] for T. 

In the special case that the fibre bundle vr is a principal bundle ttm '■ M ^ N = M/G, we can 
also define principal ^-connections. In that case, we may identify the vertical distribution VM 
with M X Q through {CMi'nT')) Given in 0; we can dehne the fundamental k-vector 

field as (Cl,... ,Cfc)M := ((6)m, • • •, (Cfe)M) € A^(M). We may also identify {VM)^ with Mxg^, 
so that the short exact sequence of interest is given by 


O^M XQ^ ^ tIm M Xm/g tI{M/G) 0. 


Given a splitting 7^ of this sequence, we can define a form : T^M —>■ g^, as the map which 
has the property that uj’^{vm) = id^{vm))Mi'm). Then 'i?^((Ci,... ,Cfc)M) = (Ci, ■ ■ ■ ,Cfc)- 

Definition 6.2. A k-connection 7 ^ on ttm ■ M ^ M/G is principal if 

= {Adg-l)’^{d’^{Vrn)), 

where [Adg-i)^ : 0^ ^ 0^ is the application of Adg-i : g ^ g to each of the k factors. 

When expressed in terms of the (1,1) fc-tensor field ui^ : T^M , the condition in the 

dehnition means that oj^{g'Vm) = g^^i'^m)- In view of the dehnition of the Lie derivative we had 
given in Section O this is equivalent (when G is connected) with = 0, when we consider 

the action of oj on A:-vector fields. 

Likewise, we have for a principal connection that 7^(u„,g'm) = gy^{un,m). Assume that X 
is a given /c-vector field on N. In view of the previous property its horizontal lift will satisfy 
(gm) = gX^{m). The /c-vector field X^ on M is thus always invariant, meaning that 
= 0, for all C € 0. In coordinates, this means that the vector fields X^^ on M are all 
invariant, i.e. [xf^,Ea] = 0. 

We briefly say a few words about the integrability of a horizontal lift. Let X be a given integrable 
/c-vector field on M/G. For the special case with X = X^, Proposition 1,1.31 tells us that if 
X = X^ is integrable then the curvature of should also vanishes. 
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From ()19p and (j55p we can write 


Tpi{Vp) = T^d/de o i{p) + (X* o cl>)T^Xl o i{p) + Z'^Ea o i{p) 
where is given by 

= {X^ o + y“. 

Thns, from (1^ and (l22|), we obtain 


d 


(Xp)= (t,(y--(X")“(m)r“)— ) =(t,Z“K). 


Let ns now restrict our attention to the ‘simple case’, when the /c-connection 7 ^ is constructed 
from a genuine connection 7 ^. In that case, it is easy to give a second interpretation of the 
integrability conditions, as we did in Proposition 13.41 The horizontal lift of a fc-vector field X 
on XI/G is now of the form (X^)^ = X^((9/5x* — r“9/9x“) = (X^)^, where the last ^ stands 
for the horizontal lift associated to 7 ^. We then know from ()29p that 

[(X^)„,(X^)^] = [(X„)^(X^)^] = [X„,X^]'* - (X^(X„,X^)r. 

Here stands, as before, for the curvature of 7 ^, taking values in the vertical distribution 
of TT : M M/G. We can therefore conclude that 

Proposition 6.1. The horizontal lift corresponding to a simple k-connection is integrable 
if and only if X is integrable and X^(Xq,,X^) = 0 , for all choices of a and (3. 


6.2 Reconstruction method 


We will suppose throughout this section that defines a free and proper action, and we will 
denote vr^ for the projection M —>• X = M/G. We will also assume that we have a principal 
/c-connection 7 ^ (or (jj^ : T^M —)• g^) at our disposal and we will assume that X and X^ are 
both integrable. 

Let a, given integral section of the reduced vector field X. 

Definition 6.3. A map 4 >h : —>■ M is called a horizontal lift of if (1) tt o and (2) 

is an integral section ofX^. 


In local coordinates, we denote 0(t) = (x* = if^it)), and Using (1^ and 

that (j) is an integral section of the reduced vector field X we obtain 


d(t)% ^ pa0d4>^ 

dt» dth • 


(56) 


This relation is equivalent with = 0, where stands for the first prolongation of 

(see Section [ 2 ]), since = X^ 

Assume now given a map <7 : —>■ G, then 


5(1) : Rfc 
t 


TlG 

g^^\t) = {...,Ttg{^ ),...) 
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and for each a 


Tg{t)Lg-i(t) pj eg. 

We denote by g~^ (t) the element on defined by 

Lemma 6.1. When two maps i;^, ?/) : —>■ M are related by (/)(t) = g{t)'ip{t), for some g : 

G, their prolongations satisfy 


fW = g + (g O . 


(57) 


which means that 


+ {Tg^t)Lg-.^t) Wt)) 


Proof. The following property is well-known (see e.g. [I])- Let Vh e ThG and m € M. Set 
g = h~^Vh e g. Then 

Th^mivh) = Tm^hiviMim)). 

By using the Leibniz rule and the above property, we obtain 


= Ttc^ (^[) = T^^git) (rt^p (y^ta 

= T^it)^g{t) (^flp ^ + (Ca)M o i’ 


d 

dt^ 


d 


Here, stands for Tgfg^Lg-ig.'^{Ttg{-^^ )), the ath component of g —>■ g^. All the 

components together therefore lead to the desired property. □ 


The reconstruction problem is the following one. What are the conditions on g{t) such that 
0(t) = g{t)(j)H{t) is an integral section of X? For that to be true, we must have that: 

= IKo (p 

or, in view of the property (j57[) . the invariance of X and the freeness of the action, 

^h'’+ ia~^g^^^)M ° = ^o ( 58 ) 

After applying the connection form on both sides we get that g{t) must satisfy 

^- 1 ^( 1 ) = uj’^fX o Ppu). ( 59 ) 

This PDF in g will be called the reconstruction equation. If it has a solution g{t), an integral 
section (p(t) for X may be reassembled from an integral section (p{t) of X. We have shown; 

Proposition 6.2. Let X be an integrable and invariant k-vector field on T^Q with integrable 
reduced k-vector field X. Let (p he an integral section ofK and (pH'- —)■ M a horizontal lift of 
(p. If g: ^ G is a solution to the reconstruction equation [^) . then <p: ^ M defined by 

4>{t) = g{t)p)H{t) 

is an integral section of X. 
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In the next section we will consider again the case where X = F is given by Lagrangian field 
equations. For completeness, we mention that there are also reconstruction equations in the 
formalism of the paper m- Their reconstruction PDF in expression (3.32) can best be compared 
with our expression ([58]) . 


6.3 The mechanical fc-connection 


With respect to the notations of the previous paragraphs we take again M = T^Q and N = 
{T^Q)/G and X = r a Lagrangian SOPDE. In order for the reconstruction method to work, we 
need a /c-connection on We now show how to construct one from the given Lagrangian. 

The vertical space in the short exact sequence 

0 —7> F*' — T^{T^Q) T^Q Xt^q/g '^ki'^kQ/G) —)• 0 

can now be identihed with T^Q x Let v = {q;vi,.. .Vk) S T^Q be such that Tq(v) = q, 
where Tq : T^Q —^ Q- The set of vertical elements is spanned by elements of the form 
i.e. couples of the type (^i,..., ^fc)j'iQ(v). 

Given an invariant Lagrangian L G C°°{T^Q), we will show below how to dehne a splitting 7 ^ 
(or, equivalently uj^) of this sequence, under a certain regularity assumption for the Lagrangian. 

Consider the fc-symplectic forms a;£ of L. We define linear maps 
: TgQxTgQ ^ M 

{Ug,Wg) = w£(v)(X'^(v),yh8(v)), 


where X, Y are vector fields on Q for which X{q) = Ug and Y(q) = Wg. 

In the natural coordinates {q^,u^) on T^Q, the coordinate expression of 5 “’^ is 


9 


a,/3 

V 


92 L 

du^du^ 


dg^(v) (g) (ig'®(v). 


In what follows, we will use the following notations for the coefficients with respect to the basis 
{Xi,Ea} of vector helds on Q: 



g^’^{Xi{q),Xj{q)), 


a,f} 

9ia 


(v) 


5“’^W(g),F;,(g)), 


9ab i^) 


g^’^{Ea{q),E,{q)). 


Then: 




OiP _ vVa 


(60) 


Definition 6.4. A Lagrangian L is G-regular if the matrix ( 5 ”^) is non-singular. 


Remark that, in view of Proposition 14.41 this condition is equivalent with saying that the matrix 


92 L 

du%du^^ 


is non-singular everywhere. 
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The maps are not completely symmetric (but we have {uq,Wq) = gv°^{wq,Uq)). They 
give rise to the symmetric map 

5v : {T^Q)qX{TlQ)q ^ M 

{u= {q-,Ua),w = {q;w/3)) g^{u,w) = g^’^{ua,Wi3) 

(sum over a, (3). We will next define the mechanical /^-connection : T^T^Q —)■ g^. 

Definition 6.5. An element W = (Wi ,..., W^) G T^(r^Q) such that (W) = v is said to 
be horizontal for the mechanical k-connection if it satisfies 

5v(r,Vi(w),(6,...,6)Q(g)) = o, 

for all tuples (^q,) G 0 *^. 


This is equivalent with 

0 “’^ (Tv(ri)((W„)),C/3Q(g)) =0. 

Since each element Wa can be written in the lifted frame of {Xi, Ea} as 

Wa = (v) + W^E^(v) + + Z^^E^^(v) 

the condition for W to be horizontal becomes 


S.”/< + 9a“>“ = 0 . 


If we assume that the Lagrangian is G-regular, we can conclude that a horizontal W = (Wa) 
takes the form 

Wa = 

where = d2xf - Bl^E^ with = gf^gj^. 

From this, we can conclude that every element of T^(T^Q) can be written in a ‘horizontal’ and 
a ‘vertical part’. Indeed if 

IT„ = (v) + (v) + Zl^pX'^^iw) + 


then IT„ = HW„ + VW„, with 




VW„ = (iy“ + W;Bl‘^)E^i^r). 


Remark that the expressions of HW^ and VWq contain more than just the components of the 
a’th vector Wa- The mechanical connection is therefore not of simple type. 

The corresponding connection map : T^T^Q —>- 0 ^, is the one that has the property that 
O^(HW) = 0, • • •, 6)tiq(v)) = (6, ■ ■ ■, 6). 


If we write the SOPDE /c-vector field F in terms of the frame {Xi,Ea} as 

r„ = vixf + + {f^%xj^ + (f„)^x^^ 

then 


Hr„ = -(uiR, 


7a'i 
ai ■ 


+ « 


c 






+ {T^rpE ^^, vr„ = « + v;bI<^)e, 


c 


(61) 
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Proposition 6.3. The mechanical k-connection of an invariant G-regular Lagrangian is a prin¬ 
cipal k-connection on the principal bundle vr : T^Q {T^Q)/G. 

Proof. The condition we need to check is ^ = L^cui^ = 0, where is the connection 

Tj^Q 

(l,l)-fc-tensor field that is associated to and the Lie derivative is the one we had defined in 
expression Q. We first check that the vector fields (see above) are invariant vector fields 
on T^Q, i.e. [E^, ^ia\ ~ This will be the case if we can show that 

Ef = Bffit 

This relation easily follows because, in view of relation (j60p and the invariance of the Lagrangian, 
one can show that 






= CU. 


af} 


Given that E^ig^Jg-^^) = E^{6^d^,) = 0 we also obtain 


Ef (9“) = -rfs(9“j;)C,9'i- 

for the inverse matrix 5 “^. Using these properties and the expression = g^^^g]^ we obtain 
the desired result. 

Assume now that H is a horizontal fc-vector field on T^Q. Then = 

If we set Ha = , we easily see that 


= [E^, Ha] = E)f{W;)Hl + E^{Zl^p)Xl^ + E’^ {Z^ap)E;,^ - 


?c, 


Cl 




?Ci 




7b /^d rp^P 

^ abEd , 


which are the components of again a horizontal fc-vector field. When uo^ is applied to it, we 
will get zero and thus is = 0. With the same reasoning one may show that 

(L^cru;^)(V) = 0 for all vertical A:-vector fields V on T^Q- □ 


Since P is G-invariant, and since the mechanical connection is principal, the horizontal com¬ 
ponent HT of r is the horizontal lift of the reduced fc-vector field P. By dehnition the 
horizontal lift of an integral section (g* = (t) ,Va = (fa (t) = (fa (^)) of P is an integral sec¬ 

tion of = HPc,. In principle, we need to rewrite HPq, in terms of the frame {Za} = {Ea, Xi}, 
and use expressions (H6]l to calculate an integral section (g* = 0®(t), g“ = (fjj{t),Va — ^ai^)Xa — 
(fait)) (in quasi-velocities) of HP. However, we only require the equations from which we may 
determine (f%{t), since the remainder (g* = (f^{t),Va = (fait)Xa — 4'%it)) is determined by the 
reduced /c-vector field P. In view of the first relations in (I46p the equations for <f%{t) are given 
by 


d(f% 

dt°‘ 




(62) 


where we have made use of the expressions Xi = djdcf — '^fEa and Ei, = K^d/dq°‘. 


When we use the mechanical ^-connection, the reconstruction equation (1591) becomes, in view 
of expression (fHTI) . 



( 63 ) 


When we put everything together, we get: 


31 



Proposition 6.4. Let L be a regular, G-regular, invariant Lagrangian. In order to carry out 
the reconstruction by means of the mechanical connection, one needs to solve successively 

(1) the Lagrange-Poincare field equations for (j){t) = (g* = (j)'^{t),vl^ = (pl^{t),wf = (/>“(t)). 

(2) the equations ^6^ forcfifift). 

(3) the reconstruction equation [6M) for a(t). 

to obtain the solution (p{t) = g{t)(pH{t) of the Euler-Lagrange field equations ([Ip. 


7 An application on harmonic maps 


Harmonic maps are smooth maps : M ^ Q between two Riemannian manifolds {M,g) and 
{Q, h) which have the property that their tension field, given by 


rifi) = 5 “^ 


\dt°dth 


gj.S 

afj Q^S + BC j ’ 


vanishes (see e.g. [IS]). Here and stand for the Christoffel symbols of g and h, 

respectively. In the special case where (M, g) is just with its standard Euclidean metric, it 
is well-known that the above conditions can be thought of as the Lagrangian field equations of 
the Lagrangian 

L : tIQ -a M, {q^, u^) ^6‘^^hAB{q)u^u ^. 

For this Lagrangian, one may check that the /c-vector field F with 


F — m 

-L ry — 


d 


- F 


A 

BC 


u^uC^ 

^ ^ duj 


is Lagrangian (we will simply write ~ on). 

Let’s assume that the metric h has a symmetry Lie group G which acts freely and properly 
to the left as isometries, and that the corresponding basis of invariant vertical vector fields is 
denoted by Ea, as before. We may define a principal connection on Q —>• Q/G by declaring 
that horizontal vector fields lie in the complement of vertical vector fields. This is equivalent 
with saying that the vector fields Xi on Q are defined by the relations h{Xi, Ea) = 0 and by the 
fact that they project on coordinate vector fields on Q/G (this is, in fact, the definition of the 
’mechanical’ connection of the Riemannian metric h, see e.g. m)- We will set hij = h{Xi,Xj) 
and hab = h{Ea, Eb). These are all invariant functions. We will further assume that the vertical 
part of the metric, hab, comes from a bi-invariant metric on G, or, equivalently, from an Ad- 
invariant inner product on g. That is, we will assume that hab are all constants satisfying 


^abCcd + ^cbCad — 0 - 


In view of = —jfG^, we also obtain that 

hab'P\c + hcb'P\a — 0 - 


From these relations, we may also see that 5°^^hdbGacW^^w^ = 0 and 5°^^hab'P\c'^^pw^ = 0. 
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The reduced Lagrangian is I = {hijV^^v^i^ + habW^w’^^). If one takes these last two properties 
into account in the calculation of the the Lagrange-Poincare equations (1511) . one easily verifies 
that the A:-vector field Po of Lemma 15.61 with 

(f„)^ = (64) 


satisfies the equations (1511) . The functions P*-^ are the Christoffel symbols of hij (which is a 
Riemannian metric on Q/G). 

The integral sections of the reduced A:-vector field P will therefore be solutions of the PDEs 




d(j)a 

dtP 




dt0 


= -T 


k id 


kd 


From the hrst two equations, it is clear that the curvature of the connection acts as an 
obstruction for the reduced equation to be again of the type of a harmonic map —>• 

{Q/G,h,,). 


In order to reconstruct the integral section of the held equations, we need to compute the 
horizontal lift (pH of an integral section of T, with respect to the mechanical /c-connection we 
had introduced in Section 16.31 This connection takes a rather simple form here. Indeed, it is 
clear that in the current setting, where we have dehned the connection on Q ^ Q/G as the 
one for which hia = 0 , we have that = 5°^^hij, g'/f = 0 , g^^ = 5°‘^hab and therefore also 


Bl- = 0. 

the form 


The equation (I62p from which we may determine the horizontal lift takes therefore 


dt^ 



(jfK^Alo4>H). 


(65) 


Likewise, the reconstruction equation ([631) becomes (with = A’/w/Qj: 


{g-^g^^K={Alo/>H)cPiEa 


( 66 ) 


We will use an explicit example to show how one may reconstruct a solution, from a solution of 
the Lagrange-Poincare equations. We will consider a 4-dimensional matrix Lie group G, whose 
typical element g = {x, y, z, 9) is of the type 


1 y cos 0 + X sin 9 
0 cos 9 

0 sin 0 

0 0 


—y sin 9 + X cos 9 
— sin 0 
cos 9 
0 


X 

-y 

1 


Left multiplication Lg : G ^ G is then given by 


(x, y, z,9) 1 -^ {x+x cos 9 + y sin9 ,y — X sin9 + y cos 9, z + z + {xx + yy) sin9 + {yx — xy) cos 9,9 + 9). 

(67) 

In [13] it has been shown that this is a group representation of the Lie algebra whose only 
non-vanishing brackets are given by [ 62 , 63 ] = 61 , [ 62 , 64 ] = —63 and [ 63 , 64 ] = 62 . One may find 
in m the following basis for right-invariant vector fields 


Ex 


d d ~ d d 
dx ^^ dy ^dz’’ 


E, 


A 


Ee 


d d d 
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or, if we set Ea = K^d/dq^, then 


1 0 -y 0 

0 1x0 

0 0 10 
y —X 0 1 


One may easily verify that the list below gives a basis, consisting only of left-invariant vector 
fields: 


cos 9 


f d d\ 
\dx^^dz) 


sin0 


\dy dz) 


E, 


A 

dz' 


Ey = sin 6 


d 


d 


dx dz 


+ cos 6 


\dy dz) 


Ee = 




With these vector helds, the only non-vanishing structure constants are C^y = —2, = 1 and 

CyQ = — 1. The matrix Ag in the expression Ea = A^Ef, is then 


A = 


cos 9 —sin 9 2(ycos9 + xsin9) 0 
sin0 COS0 2(y sin 0 — X cos 0) 0 

0 0 10 
—y X x"^ + y‘^ 1 


Remark, for later use, that it is independent of z. 

We will consider the manifold Q = Mx G with its natural G-action. We will denote the coordinate 
on Q/G = M by 5 , and (x, y, z, 9) for those on G, as before. The Riemannian metric 


h = dq Q dq + 'jdq Q d9 + dx Q dx + dy Q dy — ydx Q d9 + xdy Q d9 + dz Q d9 


satisfies h = 0, so that it is an invariant metric. The corresponding principal connection on 
Q ^ QjG can be represented by the unique horizontal vector field X = djdq — ^djdz which 
projects on djdq. Therefore, all = —'^G\a = 0. 

In the notation of what preceded, we have hqq = h{X,X) = 1. The vertical part of the metric, 
(hab) = dx Q dx + dy Q dy — ydx Q d9 + xdy Q d9 + dz Q d9 


represents (as it was already mentioned in m) a bi-invariant metric on G. We are therefore in 
the situation of the previous paragraph. We can use the reduced Lagrangian A:-vector held (IM|) 
to compute integral sections (t“) !->■ of the Lagrange- 

Poincare held equations. They satisfy: 




= 


dvl dwa 

= 0 , ^ = 0 , 

dt^ dt°‘ 


from which we may conclude that 




w^t) 



The equations (1651) for the horizontal lifts are now 


dVn _n Ml = n 

dt^ ’ 


d^ 


= -icl 


Ml 

dt^ 


= 0 . 
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It follows that: 


+ V, (l)%{t) = b^ {ai-z). 

Since the matrix A does not depend on z, the right-hand side of the reconstruction equations 
(j66[) contains only the constants Co and It is therefore of the form 


C-^E^ + CyEy + C^^E, + CiEe, 

for some other constants (7“ (with, in particular, = c^). 

With the help of the map (l671i . the expression of with g{t) = {(j)g{t), (pg{t), 4>g{t), (j)g{t)) 

can be computed to be 



From the first two reconstruction equations (I66jl we may then conclude that 




Ca cos(0g(t)) + Cl sin(0®(t)), 




-Clsm{4)l{t)) + Clcosi^l{t)). 


The last reconstruction equation leads to . For computational convenience, 

let’s consider only the simple case where the solution for (j)g is given by 

^l{t) = t\ 

d 

Due to the assumed integrability, the second partial derivatives r 

oE 

should agree. Since the last derivative automatically vanishes, we may conclude that the con¬ 
stants Cq are zero when a > 1. Then: 


d(j)' 


dt^ 


and 


d (d(p' 


dE V BE 


4>^{t) = Cf sin t^ — C\ cos t^ . 


Likewise, 

4>yg{E) = Cf cost^ -|- Cf sint^ -|- . 

With that, the solution of (f66]l for (pg is 

= -{B^Cf + By Cl) cosfi - {B^Cl - ByCf) sinfi + {{Cf)^ + + C^C + BE 


If we use the left multiplication ([67|) . one may easiily see that the solution = g{t)(pH{t) of 
the Lagrangian field equations can be written as: 

= Cf sint^ — Cf cost^ -I- B^, = Cf cost^ -|- Cf sint^ -|- By, 

= -{B^Cf + By Cl) cosfi - {B^Cl - ByCf) sinfi -b C^C + BE 
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